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ABSTRACT:

In the geometric functions theory there are many subclasses of multivalent functions like coefficient bounds, radii of

star likeness, convexity, harmonic, memomorphic functions, etc. Now we introduce some properties of geometric functions

theory with negative coefficient of multivalent functions

f(z) = zP — Y2, a,z*¥"PWhich is analytic in unit discu= {z: |z| < 1}
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Introduction:
Let, f(z) is the analytic and multivalent function belonging with
(n,p € IN,a; = 0) Where,

f@=2- ) az

k=n+p
Whereu={z € C; |z| < 1}
f(2)is the function which belongs to s(n, p, x) is o< ordered multivalent star like function.

f(2) € T(n,p)Denote class of function,iff,
_ zf"(2)
r={ie Gt

f(z) € C(n,p, x)When
zf'(z) € s(n,p,x)Foralln € IN
By using Guass’s hyper geometric function a, b,c € Cwithc # 0,—-1, -2, ... ... ... ...

Fi@)=F(a,b;c; z) = Yo endBnz

(n n!

w1

(a, =2 0;n € IN)

.3

(z eV 0 <x<p)

4
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Where 4,, is pochhammer symbol given by,

_H/Hn)_{l (n=0)
Iy =——= .6
) AMA+1) ... (A+n—-1) nelIN
This is the form of Gamma function
Definitionl:- If function f(z) € A(n) then class
2(9" f(2)
A’l’”’v(n,ﬁ)={F6A(n):R{ ; >B(zeU0<v<1n€IN;0<p<L2-1)} .11
’ Q- @) +yz2 (9" F@)
u _ Mp=2+v+2)  Auv -1 . N P i i i
As, .9{1 f(2) = e Joz (z*1f(2)); where.9/1l f(2) is generalized Ruschewegh derivatives
=z- Z akcf’”(k)zk e e 0 L2
k=n+1
And,
tagey = LU+ DI +2+u = DI+ v+ 1) 13
O T TIORk+ v+ 1+ u = AT + 2T+ ) o
Where u = 1 = a, v = 1 Ruschewegh derivatives reduce in ordinary derivatives of f (z) of order «
Z (o]
D) = mqpy D @) =2 - Z 0 (Zk e L
k=n+1
Also,
< +1)(x +2) ... ... < +k—1
() = ( ) ) ( ) e e 1

(k —1)!
The above equation analytic functions derived by class Af,’”"’(n, B)
@ fu=A=av=1n=1the Af,"l*"(l, B) studies of the class of UF with negative coefficient defines by Ruschewegh
[4]
(b) Ifu=21=0v=1«=p,y =0 getting star like functions of order o (s(n, )).
Definition: 2 Let, F, h be analytical in U. When h is subordinate to f, if > w function that is [w(z)| < | in U and h(z) = f(w(2))
in U for another analytic function of with w(0)=0.

Definition: 3Let,0 < 4 < 1&u, v € IR then generalized fractional derivatives operator A is defined in terms of ,F, is,

CEVF(Z) =4 ml_l)i{zﬂ—# [z =)y f(e) F(u—A1—v;1—241-8/y))dey  0<a<1

@]{};"‘”"’ f(z);(n<A<n+1neIN) e e 03

Where f(z) is analytic in z-plane with origin simply- connected region of order
F@)=0(zD(Z 2 0) oo e 00 3.2
For & > max{0, u — v} — 1&multiplicity of (z — £)~* is removed by requiring log(z — ) to be real, whenz — £ > 0

Then, f(z) defined by,
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A _ 1 d oz fe . : o
Dz{f(z)}—m_l)dz 0 (Z_S)Ads,0s1< 1ls a fractional derivative of orderi..............................3.3

Where, f(z) from (3.1) and term (z — £)~* is neglected by taking log(z — €) but z — £ > 0 with comparing (3.1) with (3.3) we
find,

CEVF2) = DHF(@Y ;O SA<L) e e 3

In the form of gamma function,

l,p.,vzk _ I_(k + 1)[(1 —u+tv+ k)

= k—u
0z T —p+ (L= A+v+k) o e 35
O<i<luvelR &k>max{0,u—v}—1)
2. Coefficient Bounds:
Lemma2.1: If f(z) € T(n,p) then f(z) € X,"(y, B) iff
Z [vk —y +1)(k = B Co (k)a, < (p —y + 1)(p — B) et e 21
k=n+p
Where0 < <p, 0<y <1,p€IN &C,*(k) isgivenby,
Ik—-p+1+wWlw+2+u—A k+U—p+2
CH (k) = (k—p DG p—= NI p+2) o4

Ik—p+DIk+v—p+2+pu—-N)I(w+2)I(1+p)

Proof: we have,

f € X2*(y. B) By using,
I(ﬂ —A+v +'2) AU

'@ = sy a2 oz @ @)
=zP — a, C* (k) z*
kgi;p o
(%’”f(Z))’=pzp‘1— Z kay Cy* (k)z"1 e et e e e 2210
k=n+
And ’
(% £(2)" =p(p — 1)zP2 - Z ke(k = P)a CyH(K)ZK2 i 212
k=n+p

But with the help of above two equations, in

[t

.. 213
P (@) + Q=M% )

We show that,
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. {pzp = Einap ke Gy ()2 + yp(p = D)2 — By v (e = 1)akc;*“(k)zk} .
ypzp - z:z’:n+p ykakC;#(k)Zk + (1 - y)(zp - Z?=n+p akC;#(k)Zk)

Then z — 1~ through real values,

We have,

oo

(A-y+yp)B - Z (vk —y + D)Bagc, (k) <@p(p—1)+p) - Z (k + vkl = 1)) axc," (k) . .. .. 214

k=n+p k=n+p
Therefore,
D 1k —y + Dk - Plef“Wa, < (rp =y + D@ - B)
k=n+p

Conversely, by using above lemma show that (2.13) is satisfied and so f € Zg’”(y,ﬁ) since Re{w} = pifflw — (1 +p)| < |w+
(1 — B)| itissufficient to prove that,

2(%" f(2)' +yz2(%H f(2)"
yz(%Hf(2)'+ 1 —Y)I(EH ()

25 @)+ y (G ) 1- | =< +1-8 2.15

28 @+ - (@)

=T

Let, X =yz(%*f(2) + (1 — y)(%*f(2) then we have,

= m 12(55" (@) +vZ* (4 f(2)" = (1 + B)X]

From (1), 2.11, 2.12 we get,

. -
Q=@+ - D) = A+ Ay = A+ HA-NIP = ) [(k+ (k= D) = A+ Pk -y + D]y  Kayz¥]

x|
K=n+p
.. 2.16
= m (1= @+ B)y) — QA+ B)L—y) +ypp — D]z’ - Z [k —y + 1)(k - B — D]c;* (K)a, 2|
K=n+p
|2IP N » -
<Tl0P =y +DE =D+ D Gk —y+ D0k~ f 1" Waglzl 7]
k=n+p
And,
= M 2(3* f(2)' +yz2 (" f(2)" — (1 - B)X]|
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1

= . Wk =y + D= + Dl (a7
K=n+p
21
= Il

oo

[Gp—y+D@-p+1)+ Z Gk-y+1(k—-p+1) cj“(k)ak |z]*?] 217

k=n+p

As,z€e du={z:z € Cand |z| = 1}
Simply we shoe that T — Q@ > 0 as (2.1) condition satisfied so the above lemma proved.

Remark: 1 The lemma (2.1) is sharp to f(z) function which,

Gp—-vy+D@-p)

- Znp e e, 218
y(n+p—1)n+p—p)c," (n+p)

f@)=2v -

In+1+wWIwv+2+u—NIn+v+2)

2, —
@ D) S R D+ v+ 2+ 0= DI + DA+ )

. Al < (yp-y+1)(p-B) . = .
Corollary: 117f(z) € Z,"(y. ) thenay < 8= S (e 2 mpim € IN) 00 219

Where c;}"‘ (k) is shown by equation (2.1A)

3. Radii of starlikeness and convexity;

Lemma: 3.1 consider f(z) = zP — X5_ ., axz®, g(2) = 2P — X3 ,4p b 2"
Bein Z;‘”(y, ) then the function,

h(z) = zP — Xp_nip(ait + bi)z* ;m € IN Isalso inZg’”(y,ﬁ), where;

B, < inf {[p(yk—y’rl)f(k—p+l+#)I(V+2+#—l)f(k+v—p+2)]m'1(k—ﬁ)"‘—Zk[(yp—y+l)f(k—p+l)f(k+v—p+2+#—l)T(V+2)f(1+#)]'"'1(p—/3)'"]}
1 k

[Gk -y + DIk —p+1+@DIWw+2+u—D)[k+v—p+2) "2k =)™ = 2[(yp —y + DIk —p+ DIk +v —p+ 2+ p— D[+ 2)[(1+ @] (p - f)™]
.31
Proof: since f, g belong toZg’”(y,ﬁ) then,
We have,
(k=BGk—y+DIk—p+1+wWIw+2+pu—DIk+v—-p+2) |"
@-Bp—-y+DIk—p+Dk+v—p+2+u—DIv+2)I(1+u)

< i [ (k=B k—y+ DIk —p+1+WIw+2+u-Dk+v—p+2) "
- (»
p

ai’
k=n+p

—R)ap—y+DIk—p+ DIk +v—p+2+pu— ) +2)I({L+p)* <1

k=n+
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m

i [ k=-B)yk—-y+D)Ik—p+1+wWI(w+2+u—)Ik+v—p+2) "
ZD(p—ﬁ)(yp—y+1)17(k—p+1)17(17\’,+v—p+2+u—/1)17(v+2)17(1+,1) k

k=n+

k=n+

<li (U= Bk =y + DIk —p+ 1+ @I +2+ = e +v —p+2) b‘ -,
. L@ =B)p—y+ DItk —p+ DIk +v —p+2+pu— )W+ 2L +p) .
Asaresult,

gi [ (k= Pk —y+ DIk —p+1+WIw+2+u— DIk +v—p+2)
2,52 1@ =B)p—y+ DI —p+ DIk +v—p+2+u—DIw+2)[L+p)
Then we shows that,

m
] (ag" +bi') <1

m
] (ag" +b') <1

i [ (k= B)Gk—y+DIk —p+1+W)Iw+2+u— )k +v—p+2)
. -B)p—y+DIk—p+DI[k+v—p+2+u—)Iwv+2)I(1+p)

k=n+

But inequality holds true if,

(k =Bk —y+D)Ik—p+1+W)Iw+2+u— )ik +v—p+2)
@-B)op—y+DIk—p+Dk+v—p+2+u—)Iw+2)I(1+u)
L Gk DIk —p+ 1+ I+ 2+ p - DIk +v —p+2) (k—ﬁ)m
“2{p -y + DIk —p+ DIk +v—p+2+u—-DIw+2)I(L+u)| \p-p

m

wp—k

Org, < =
As the above lemma is proved by W which is right hand side of above inequality.
Lemma: 3.2 If f(2) € Zg’”y,ﬁ then integrals operator F;(z) = (1 — i)zP + ip foz@ds (i=0,z €v)

AIsoinZg’”y,ﬁO <i< n%

Proof: let, f(z) = z? — X2, a,z" then

Z/sP Y sk
Fi(z)=(1—i)zp+ipf <k_+pk>ds
0
1 > a
=1A-DzP+ip l—zp— Z —kzk‘
p k
k=n+p
i (o)
=2zP — Z Epakzk=zp— Z g 2%,
k=n+p k=n+p

Where, g, = %’ak but,

o k=R WB—y+ D)k —p+1+)Iw+2+u—)Ik+v—p+2)
Tk —p+ DIk +y—p+2+u— DI +2)I(L+p) G

k=n+p
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' k=B)WB -y + DIk —p+1+W)[Ww+2+u— Dk +v—p+2)ip

k=n+p IMk—p+1D)Mk+v—p+2+u—)Iw+2)I(1+uw) i %
S (k=B —y+ DIt —p+1+@)w+2+u— Dk +v—p+2) ip
< Nk-p+1)k+v—p+2+u—A)I(v+2)I(1+pu) n+pak

k=n+p

ip o (k=R WB—y+ D)k —p+1+)Iw+2+u—)Ik+v—p+2)
(psy)= k= pr DIk +v—p+2+u-Diwrarary o+ =@7AP=r+D

k=n+p

Remark: 20(0 < o < 1)for G(Z)and F(Z) is radii of starlikeness and convexity,

(Or, = infi {(c D) —)p —B)gp —7 + DItk —p+ DIk +v—p+2+ 4~ )Io + 2L+ )

pc +k)p—o)k =Bk —v+ DIk —p+1+WIw+2+pu—- NIk +v—-p+2) }l/k—p“'“'
k(c+p)k—a)p —B)yp—y + DIk —p + DIk +v —p+ 2+ p— A)Nv + 2)[{L + 1)

(c+k)p—0)k— Bk —y + 1)k —p+1+ ) (v +2+pu— DTk +v—p+2) }l/k—p
3.12

(
G(2): 4
(@ = infk{

(o { k(p— o)k — B)yk —y + DIk —p + 1+ )+ 2+ — DIk + v —p+2) }l/k—p
(R, = inf,

F(Z),{ iplk=a)p—B)yp—y+ DIk —p+ DIk +v—p+2+pu—)I(w+2)I(1L+p) 313
i\Z). 1 cd
| DR, = inf, { (P —0)(k =Bk —y + DIk —p+ 1+ W)W +2+pu— DIk +v—p+2) }/k—p

U = i =)o = ) Gp =y + DIk —p + DIk + v —p + 2+ 1= DI + DI+ 1)
4. Quasi-Hadamard Product:-
Definition 4.1: Let, f;(z) (=1,........ ,m) in the class of Z;‘”(y, B) define,

[@=2= ) @i (=1 minp € IN={12,...})
k=n+1
Then the Quasi-Hadamard product of the function f;(z) denoted by (f; * f; * f3 * ... ... .. * f3)(z) defined by,
it o Fao o )@ =2 = D (@ iy oo i) 254
k=n+p

Lemma4.1: Let f;(z) € X,"(v. B;) then (fy * fo * fi * . * f)(2) € Z,M(y, w) whereO <w < p — m..A.n
And H(n + )= ((n+p-1)-1)c)* (n+p) (n+p-w) m i n+p-B; 412

n+pm)= Gp—y+D)(p-w) 721 popy e
The proof of the above lemma is sharp for the function f;(z)(j = 1,23, ... ... ... ... m)as,




2321-8045 Science Park Research Journal Vol-1, Issue-11, 3rdOctober 2013
DOI: 10.9780/23218045/1112013/34

—yv+1 — 0.
f].(z)zzp_ b7y )@ ﬁfzu e 413
(y(n+p—-1)(n+p—pjc," (n+p)
Proof: By induction method m=1,w= g, m = 2 the inequality (2.1) shows,
k—y+1)(k=B)] i (k
[k —y + Dk =)l ()ak]-s1 (=12;n,p €IN)
] (rp—v+ D@ -5) ‘
=n+p
Thus,
k — 1 k—
k=y+1) e (k) 1_[( A @ <1 414
Gt op—-v+1) -5
Now the largest w value is given,
[rk=y+1) s
k) a, a,, <1
kzn; G—y+1) P 7 et
p
(k-Bj) .
Or—,/aklak2 ?=1(p—ﬁ,]-) k=n+p using (4.14) oo e 4.15
k—w<(yk y+1) (G )H(k Bj)
p-w> r-y+17 (r—8)
k—w
<
_W_y(k) as,
k — 1 k —pB;
Y(k)_[(y y+1) ;M(R)I—K ﬁ]>
(y—v+1) - B;
Ork—w<(@-w)Y(f) orO<w< P~ 500 ..4.16
By function w(k) by w(k) = p — Y(k) - k=n+p
. _ nY'(k)
Since y'(k) = O >0fork=n+p
. - - - n
Sow(k) is an increasing functionand0 <w < y(n+p) <p — e
Where,
_ ((n+p)y-y+1 Ap, ((n"'P)—ﬁj)
Y(n+p) = 2L o p) T (0 s AT

Therefore the result is true for m=2 let we assume the above result is true for fixed natural number m, m+1, thatis (f; * f, * f5 *

......... % fon * frne1)(@) € 2540, 1)

Where 7 satisfied conditiono < n <p — —— e et e e 418
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(+p) -y + 1y H(n+p) (n+p-w)(n+p—Pm+1)
(y-y+1)(p-w)(P—Lm+1)

AndH =

n
H(n+pm+1)-1"

Thisisshown by (4.11) also0 < n<p —

The above form shows m+1. Therefore by induction method we obtain that m as positive integer hence, the result is true.
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